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THE TOPOLOGICAL PERIOD–INDEX PROBLEM OVER 6-COMPLEXES
BENJAMIN ANTIEAU∗ AND BENWILLIAMS
ABSTRACT. By comparing the Postnikov towers of the classifying spaces of pro-
jective unitary groups and the differentials in a twisted Atiyah–Hirzebruch spec-
tral sequence, we deduce a lower bound on the topological index in terms of the
period, and solve the topological version of the period–index problem in full for fi-
nite CW complexes of dimension at most 6. Conditions are established that, if they
were met in the cohomology of a smooth complex 3-fold variety, would disprove
the ordinary period–index conjecture. Examples of higher-dimensional varieties
meeting these conditions are provided. We use our results to furnish an obstruc-
tion to realizing a period-2 Brauer class as the class associated to a sheaf of Clifford
algebras, and varieties are constructed for which the total Clifford invariant map
is not surjective. No such examples were previously known.
1. INTRODUCTION AND SUMMARY OF RESULTS
This paper is one of a sequence, [1–3], in which classical homotopy theory is
used to derive statements about and derive intuition for the study of division alge-
bras, quadratic forms and the Brauer group of rings and schemes. We begin with
an overview of the context of the paper, the reader is referred to [1] for further
details.
The cohomological Brauer group of a topological spaceX is Br′top(X) = H
3(X,Z)tors.
Given a principal bundle P → X for PUn there is a class δn(P) ∈ Br
′
top(X) asso-
ciated to P that is the obstruction to lifting P to a principal bundle for Un; these
classes arise in the exact sequence of cohomology associated to the extension
1→ S1 → Un → PUn → 1.
For α ∈ Br′top(X), the period of α, written pertop(α), is the order of α in the coho-
mological Brauer group, so that δn(P) is the first measurement of the nontriviality
of P. The index indtop(α) is an invariant of α, being the greatest common divi-
sor of all integers n such that α = δn(P) for some P. If there is no such P, then
indtop(α) = ∞ by convention; we define the topological Brauer group to be the sub-
set Brtop(X) ⊂ Br
′
top(X) consisting of classes α such that indtop(α) < ∞.
When X is a finite CW complex the topological Brauer group is well-behaved.
For instance, Serre showed [18] that Brtop(X) and Br
′
top(X) agree, and the authors
were able to show that the period and the index have the same prime divisors [1,
Theorem 3.1]. In general, Brtop(X) is a group, and pertop(α)| indtop(α) for α ∈
Brtop(X).
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The definitions above for topological spaces were inspired by analogous ideas
for schemes. In the case of a scheme the cohomological Brauer group Br′(X) is
H2e´t(X,Gm)tors. The classes α ∈ Br
′(X) appear as obstructions to lifting principal
bundles for PGLn to principal bundles for GLn in the e´tale topology, and one can
define per(α) and ind(α) in the same way as in topology. If X is a complex variety,
the chief case considered in this paper, then there is a surjection Br′(X) → Br′top(X).
If α ∈ Br′(X), then we write α¯ for the image of α in Br′top(X). One has
pertop(α¯)| per(α),
indtop(α¯)| ind(α)
in general.
The period–index problem is the problem of relating the period and index, es-
pecially by finding upper bounds on the index in terms of the period and the di-
mension of the underlying object X. If X is an irreducible scheme over a field kwe
write k(X) for the function field of X. The following is one of the major outstand-
ing conjectures in the study of division algebras.
Conjecture 1.1 (Period–IndexConjecture for Function Fields). Let X be a d-dimensional
irreducible variety over an algebraically closed field k. For any α ∈ Br(k(X)),
ind(α)| per(α)d−1.
Resolution of the conjecture would have important consequences for rational
points of homogeneous spaces, moduli spaces of vector bundles, quadratic forms,
and division algebras. Examples exist, see for instance [13], where ind(α) =
per(α)d−1, so the bound is sharp, if it holds. The conjecture has been proved in
the case of d = 2 by de Jong in [14], but is not known for any higher-dimensional
varieties, not even for P3.
A theorem of de Jong and Starr in [15] implies that the period–index conjecture
for k(X) may be settled by considering only classes lying in a subgroup called the
unramified Brauer group; if X is smooth and projective, then the Brauer group
of X coincides with the unramified Brauer group of k(X). This result recasts the
period–index question, ostensibly a local and arithmetic question about fields, as
a geometric problem in the theory of smooth projective varieties.
In [1], we formulated the period–index problem for topological spaces in the
hope that the intuition gained in this setting might be useful for the study of the
cognate problem in algebraic geometry. We were able to deduce the existence, for
any fixed n, of an integer e(d, n) such that
indtop(α)| pertop(α)
e(d,n)
for all classes α ∈ Brtop(X) whenever X is a finite CW complex of dimension 2d
and pertop(α) = n. An anologous result for function fields and more generally
Cr–fields was proved recently by Matzri [23]. When n = 2, an earlier unpublished
result of Krashen established some similar bounds. We found that for n having
no prime divisors less than or equal to 2d + 1, one may take e(d, n) = d, one
greater than the exponent predicted by the algebraic period–index conjecture un-
der the analogy between d-dimensional smooth projective algebraic varieties and
2d-dimensional CW complexes.
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The result of de Jong and Starr drives us to investigate the indices of classes in
the Brauer groups of projective d-folds over the complex numbers. Topologically
these d-folds have the homotopy type of real 2d-dimensional closed manifolds,
and a fortiori of finite CW complexes. Our investigations began with this in mind,
as well as the following naı¨ve hypothesis:
StrawMan. If X is a 2d-dimensional finite CW complex, and α ∈ Brtop(X), then
indtop(α)| pertop(α)
d−1.
In order to state the main computational theorem, we first must set up notation
for the unreduced Bockstein map
βn : H
i(X,Z/n) → Hi+1(X,Z)
and for a cohomology operation, a Pontryagin square,
P2 : H
2(X,Z/(2m))→ H4(X,Z/(4m))
with the property that 2P2(ξ) is the image of ξ
2 in H2(X,Z/(4m)).
Our results depend only on the homotopy types of the CW complexes involved,
so that a result asserted to hold for a CW complex of dimension d will hold for all
homotopy-equivalent CW complexes, possibly of higher or infinite dimension.
Theorem A. Let X be a connected finite CW complex, let α ∈ H3(X,Z)tors = Brtop(X)
be a Brauer class, and write n = pertop(α). Choose ξ ∈ H
2(X,Z/n) such that βn(ξ) =
α, let Q(ξ) denote either βn(ξ2) if n is odd or β2n(P2(ξ)) if n is even, and let Q˜(ξ) denote
the reduction of Q(ξ) toH5(X,Z)/(α⌣ H2(X,Z)). Then:
(1) The class Q˜(ξ) depends only on α. We write Q˜(α) for this class.
(2) The order of Q˜(ξ) divides pertop(α) if pertop(α) is odd and divides 2 pertop(α)
if pertop(α) is even.
(3) For any α and ξ,
pertop(α) ord(Q˜(ξ))| indtop(α),
with equality if the dimension of X is at most 6.
Theorem A is proved by studying a sort of generalized cohomology opera-
tion, denoted by G. We will define G(α) via a differential in the twisted Atiyah-
Hirzebruch spectral sequence associated to α. Then, we prove that G(α) and Q˜(α)
must generate the same subgroup of H5(X,Z)/(α⌣ H2(X,Z)).
The first consequence of the theorem is a disproof of the straw-man conjecture.
Theorem B. Let n be a positive integer, and let ǫ(n) denote n gcd(2, n). There exists a
connected finite CW complex X of dimension 6 equipped with a class α ∈ Brtop(X) for
which pertop(α) = n and indtop(α) = ǫ(n)n.
Thus, if X is a finite CW complex of dimension at most 6 and α ∈ Brtop(X), then
indtop(α)
∣∣∣∣∣
{
pertop(α)
2 if pertop(α) is odd,
2 pertop(α)
2 if pertop(α) is even.
These bounds are moreover sharp. Together with the facts that pertop(α) and
indtop(α) are positive and have the same prime divisors, the bounds are the only
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restriction on the pair of integers (pertop(α), indtop(α)) for Brauer classes on such
a space X.
The theory may also be applied to the period–index conjecture for function
fields.
Theorem C. If there exists a smooth projective complex 3-fold X and a 2-torsion class
α ∈ Br(X) such that 2Q˜(α¯) 6= 0, where α¯ is the image of α in H3(X,Z)tors, then the
period–index conjecture fails at the prime 2 for the function field C(X) of X: the image of
the class α in Br(C(X)) has period 2 and index at least 8.
At present, we are unable to furnish any examples of smooth projective complex
3-folds meeting the conditions of the theorem.
The theorem is proved in Section 6 via two comparison results, the first compar-
ing the topological and algebraic period–index problems on X, the second com-
paring the period–index problem on the scheme X with the problem for the field
C(X) by way of a result suggested to the first author by David Saltman at the AIM
workshop “Quadratic forms, division algebras, and patching” in January 2011.
We are able to furnish examples of smooth projective or smooth affine schemes
and classes α¯ ∈ Brtop(X) for which 2Q˜(α) 6= 0, so Theorem C presents a di-
chotomy: either there are previously unknown restrictions on the 2-torsion in
the singular cohomology of smooth projective 3-folds that are peculiar to the 3-
dimensional case, or the period–index conjecture is false. For later use we remark
that there exists an affine 5-fold complex variety X having the homotopy type of
a 5-dimensional CW complex and a class α ∈ Br(X) such that pertop(α¯) = 2 and
indtop(α¯) = 8.
We may further apply Theorem C to the study of quadratic forms on schemes.
There is amap, the Cliffordmap, which assigns a central simple algebra to an even-
dimensional quadratic module of trivial discriminant, (V, q), compatibly with di-
rect summation of quadratic modules; quaternion algebras are a particular case of
this construction. The Clifford map yields a Clifford invariant map Cl : I2(k) →
2 Br(k) from the group of Witt classes of even rank and trivial discriminant to the
2–torsion in the Brauer group. A theorem of Merkurjev, [24], states that when the
characteristic of k is not 2, the Clifford invariant map is surjective.
As the notions of quadratic module, Witt group, Brauer group, and Clifford
algebra extend to commutative rings and schemes in general, Alex Hahn asked
whether there existed a counterexample to the theorem ofMerkurjev in the context
of rings. A counterexample was first constructed by Parimala and Sridharan in
[26] over a smooth proper curve over a local field, although they observed that
for affine curves over local fields the map is surjective. In [27], they subsequently
employed Jouanolou’s device to construct an example of an affine variety over
a local field where the Clifford invariant map is not surjective, thus answering
Hahn’s question.
For fifteen years the matter seemed settled, until Auel showed in [8] that the ex-
amples of Parimala and Sridharan were explained by an obstruction in the Picard
group. Over a scheme X, there is a total Witt groupWtot(X) constructed using line-
bundle-valued quadratic modules and a subgroup I2tot(X) of even-dimensional
forms with trivial discriminant. The total Clifford invariant map Cltot : I
2
tot(X) →
2 Br(X) is a generalization of the simple Clifford invariant map to befit the case of
nontrivial Picard group.
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Question 1.2. Is the total Clifford invariant map Cltot : I
2
tot(X) → 2 Br(X) surjec-
tive?
This question is posed by Auel at the end of [8] for schemes X for which the
function field has 2-cohomological dimension at most 3. We show that Ques-
tion 1.2 has a negative answer by constructing a smooth affine complex 5-fold
X where Cltot is not surjective. The example we construct is such that Pic(X) = 0
so the problem reduces to the surjectivity of Cl.
Theorem D. There exists a 5-dimensional smooth affine complex variety X such that
Br(X) = Z/2, but the total Clifford invariant map vanishes.
The proof shows that the topological index of a class in the image of the to-
tal Clifford invariant map must divide 4 when X has the homotopy type of a 6-
dimensional CW complex. The affine 5-fold Y, previously encountered in our dis-
cussion of Theorem C, now serves to provide a counterexample. We remark that
a smooth projective 3–fold for which the period–index conjecture were to fail for
the reasons given in that theorem could be modified to furnish a negative answer
to Auel’s low-dimensional question.
Acknowledgments. The authors would like to thank Asher Auel for conversa-
tions about the total Clifford invariant, Johan de Jong for pointing out a mistake
in an argument in an earlier version, and David Saltman for explaining that the
index of an unramified call can be computed either globally or over the function
field. We would like to thank a referee for a thorough reading of the paper, which
allowed us to fix many mistakes and improve the exposition.
2. THE EXISTENCE OF G
This and the following three sections of this paper are devoted to the definition
and calculation of a kind of generalized cohomology operation, denoted G. The
intricacy in the definition of G is that we should like to say that for a connected
CW complex X, the operation GX is defined on H
3(X,Z)tors, and that GX(α) is an
element of the group H5(X,Z)/(H2(X,Z) ⌣ α), which is a group that varies with
α.
We shall therefore construct an operation G which is an assignment to any con-
nected CW complex X of a function GX : H
3(X,Z)tors → P(H
5(X,Z)), where
P(S) denotes the power set of S, such that GX(α) is a coset of the subgroup
H2(X,Z) ⌣ α in H5(X,Z). We shall generally write G(α) for GX(α), since the
class α determines X, and we shall understand G(α) as an element of the group
H5(X,Z)/(H2(X,Z) ⌣ α). The construction of G is as the image of a certain
element under a d5-differential in a spectral sequence.
The coefficient sheaf Z(q/2) is defined to be Z if q is even and 0 if q is odd. We
remind the reader that all results applying to CW complexes depend only on the
homotopy type of the complexes involved, but for ease of exposition we write, for
example, the brief “a CW complex X of dimension 6” rather than the longer “a
space X having the homotopy type of a CW complex of dimension 6”.
Proposition 2.1. Let X be a topological space, and let α ∈ H3(X,Z)tors. There is an
α-twisted Atiyah–Hirzebruch spectral sequence, functorial in the pair (X, α),
E
p,q
2 = H
p(X,Z(q/2)) =⇒ KUp+q(X)α
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with differentials dαr of degree (r,−r + 1), which converges strongly if X is a finite-
dimensional CW complex. The edge map KU0(X)α → H
0(X,Z) is the rank map.
Proof. This is [5, Theorem 4.1]. 
The spectral sequence is functorial in that a map f : Y → X and a class α ∈
H3(X,Z) give rise to amap of spectral sequences compatiblewith themapKU∗(X)α →
KU∗(Y) f ∗(α).
Proposition 2.2. Let X be a connected CW complex. The differential
dα3 : H
0(X,Z) −→ H3(X,Z)
sends 1 to α.
Proof. See [6, Proposition 4.6] or [1, Proposition 2.4]. 
The twisted spectral sequence is amodule over the untwisted Atiyah-Hirzebruch
spectral sequence By writing a class x ∈ Hp(X,Z(q/2)) in the twisted spectral se-
quence as x · 1, where 1 is an element in the twisted spectral sequence and x in the
untwisted, we see that dα3(x) = x ⌣ d
α
3(1) + d3(x) ⌣ 1 = x ⌣ α+ d3(x). The un-
twisted differential d3 vanishes on H
2(X,Z) since there are no non-zero cohomol-
ogy operations K(Z, 2) → K(Z, 5) and therefore E5,−45 = H
5(X,Z)/(H2(X,Z) ⌣
α).
Proposition 2.3. Let X be a connected finite CW complex and let α ∈ H3(X,Z)tors.
Then indtop(α) is the positive generator of the subgroup E
0,0
∞ of permanent cycles in E
0,0
2 =
H0(X,Z) = Z in the Atiyah-Hirzebruch spectral sequence of Proposition 2.1.
Proof. This is an amalgamation of Proposition 2.21 and Lemma 2.23 of [1]. 
Given a connected CW complex X and a class α ∈ Br′(X) we define GX(α) as
follows.
Definition 2.4. Consider the α-twisted Atiyah–Hirzebruch spectral sequence. The
kernel of the first nonzero differential, dα3 , emanating from E
0,0
∗ is pertop(α)Z, by
Proposition 2.2. The dα4 differential vanishes for degree reasons. The d
α
5-differential
emanating from E0,05 takes the form d
α
5 : pertop(α)Z→ H
5(X,Z)/(H2(X,Z) ⌣ α).
We define GX(α) to be the element d
α
5(pertop(α)) in H
5(X,Z)/(H2(X,Z)⌣ α).
We write G(α) for GX(α) in the sequel.
Theorem 2.5. If f : Y → X is a map of connected CW complexes and if α ∈ Br′(X),
then G satisfies the naturality condition
(1) f ∗G(α) =
pertop(α)
pertop( f
∗(α))
G( f ∗α).
For any connected finite CW complex, X and class α ∈ Br′(X), the relation
(2) pertop(α) ord(G(α))| indtop(α)
holds, and, if X is of dimension no greater than 6, then
(3) pertop(α) ord(G(α)) = indtop(α).
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Proof. Relation (1) follows immediately from the functoriality of the Atiyah–Hirzebruch
spectral sequence. If X is a finite CW complex, indtop(α) is a generator of the sub-
group of permanent cocycles in E0,0∞ by Proposition 2.3. The subgroup generated
by pertop(α) ord(G(α)) in E
0,0
2 is the subgroup E
0,0
6 , fromwhich (2) follows. If X has
dimension no greater than 6, there are no further nonzero differentials emanating
from E0,0i , and so E
0,0
6 = E
0,0
∞ , which establishes (3). 
3. THE LOW-DEGREE COHOMOLOGY OF BPUn
The previous section presented the construction of an operation, G. The next
three sections set forth a procedure for determining the subgroup ofH5(X,Z)/(H2(X,Z)⌣
α) generated by G(α) and in particular for calculating ord(G(α)).
The method originates in the obstruction-theory of BPUn. For a finite CW com-
plex X and for any α ∈ Br′(X) there exists some n such that the class α is in the
image of a map H3(BPUn,Z) → H
3(X,Z). As a consequence, determining the
subgroup generated by G on the spaces BPUn collectively will suffice to determine
the subgroup generated by G on all connected CW complexes.
To avoid trivialities, we shall assume throughout that n is an integer greater
than 1. In this section and henceforth, the notation ǫ(n) will be used to denote
n gcd(2, n).
This section in particular is devoted to establishing the cohomology H∗(BPUn,Z)
in low degrees. We show that
Hi(BPUn,Z) = 0, i ≤ 2 H
3(BPUn,Z) = Z/n
H4(BPUn,Z) = Z H
5(BPUn,Z) = 0.
Among these, the results for Hi(BPUn,Z)where i ≤ 3 are trivial, given the calcula-
tion of H∗(PUn,Z) of [9]. The fact H
4(BPUn,Z) = Zwill appear in passing, but it
is showing H5(BPUn,Z) = 0 that will be of greatest significance, and this is what
occupies our attention.
Proposition 3.1. H5(BPUn,Z) = 0.
This statement can be extracted from either [20] or [29] for BPUp when p is
an odd prime. The special case of BPU2 follows from [11] and the exceptional
isomorphism PU2 ∼= SO3. We give a proof which works for all n.
To prove the proposition, we need several lemmas. Recall [25] that the ring
H∗(BUn,Z) is a polynomial algebra in Chern classes c1, c2, . . . , cn, with |ci| = 2i;
recall also that H∗(Un,Z) is the exterior algebra ΛZ(y1, . . . , yn) with |yi| = 2i− 1.
Write ρ : Un → PUn for the quotient map and Bρ : BUn → BPUn for the associated
map on classifying spaces.
Lemma 3.2 (Woodward [30]1). If n ≥ 2 is odd, then Bρ∗ identifies H4(BPUn,Z) with
the subgroup of H4(BUn,Z) generated by
n−1
2 c
2
1 − nc2. If n is even, then Bρ
∗ identifies
H4(BPUn,Z) with the subgroup of H
4(BUn,Z) generated by (n− 1)c21 − 2nc2.
The proof is included for the sake of completeness.
1The reader is warned that there is a slight mistake in Woodward’s paper, explained and corrected
in our note [4]. The error does not impinge on the present work.
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Proof. There is a fiber sequence BS1 → BUn → BPUn, where the map B∆ : BS1 →
BUn is that induced by the diagonal. Since H˜
i
(BPUn,Z) = 0 for i ≤ 2, and since
H∗(BS1,Z) = Z[t] where |t| = 2, the exact sequence of low-dimensional terms in
the Serre spectral sequence for BS1 → BUn → BPUn contains
0 = H3(BS1,Z) → H4(BPUn,Z)
Bρ∗
−→ H4(BUn,Z)
B∆∗
−→ H4(BS1,Z).
The map Bρ∗ is the inclusion ker B∆∗ → H4(BUn,Z).
The pull-back along ∆ of the universal bundle EUn → BUn has total Chern
class (1+ t)n, from which it follows that B∆∗(c1) = nt, implying that B∆
∗(c21) =
n2t2 and B∆∗(c2) = (
n
2)t
2. The description of ker B∆∗ = H4(BPUn,Z) is now
elementary. 
Write d for the unique class in H4(BPUn,Z) such that Bρ∗(d) =
n−1
2 c
2
1 − nc2
when n is odd, or Bρ∗(d) = (n− 1)c21 − 2nc2 when n is even.
Lemma 3.3. In the cohomology Serre spectral sequence for Un → EUn → BUn one has
d2(y1) = c1, d3(y3) = 0,
d2(y3) = 0, d4(y3) = c2 (mod c
2
1).
up to a change of generators
Proof. This follows immediately from the contractibility of EUn. 
Lemma 3.4. The low-degree cohomology of H∗(PUn,Z) is
H1(PUn,Z) = 0, H
3(PUn,Z) = Z · y,
H2(PUn,Z) = Z/n · x, H
4(PUn,Z) = Z/m · x
2,
where m = n if n is odd and m = n/2 if n is even. The class y is uniquely determined by
the requirement that ρ∗(y) = y3 when n is odd, ρ
∗(y) = 2y3 when n is even.
Proof. See [9, Section 4]. 
Proof of Proposition. The integer m is defined as in Lemma 3.4.
The lower-left corner of the Serre spectral sequence associated with PUn →
EPUn → BPUn is displayed in Figure 1. Since the spectral sequence converges to
(Z/m) · x2
 v
d3
((❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
Z · y
d2
)) ))❙
❙❙
❙❙
❙❙
❙❙
d4
++
(Z/n) · x
∼=
d3 ,,
Z/n Z/n
0
Z 0 0 H3(BPUn,Z) H
4(BPUn,Z) H
5(BPUn,Z)
FIGURE 1. The E3-page of the Serre spectral sequence associated
with PUn → EPUn → BPUn.
THE TOPOLOGICAL PERIOD–INDEX PROBLEM OVER 6-COMPLEXES 9
the cohomology of the contractible space EPUn we can deduce a great deal about
the terms and differentials. In the first place, the d3-differential d3 : (Z/n) · x →
H3(BPUn,Z) is an isomorphism.
In the second place we show that the map labeled d2 in Figure 1 is surjective. We
refer to this map simply as d2. We deduce the existence of a commutative square
(4) ker(d2)
d4



// Z · y
ρ∗
// Z · y3
d4

H4(BPUn,Z) //
H4(BUn,Z)
Z · c21
∼= Z · c2
where the vertical map on the right is that of the Serre spectral sequence associated
to the fiber sequence Un → EUn → BUn. The subgroup ker(d2) is generated by
an element by such that that d4(by) is a generator of H
4(BPUn,Z); following the
arrows counterclockwise and using Lemma 3.2, we see that by has image ±ǫ(n)c2
in Z · c2. Following the arrows clockwise, and using Lemmas 3.3 and 3.4, we see
that by has image ±bc2 in Z · c2 when n is odd and image ±2bc2 when n is even.
In particular, it follows that b = ±n. Since ker(d2) = nZ · y, we deduce that d2 is
surjective.
In the third place, d3(x
2) = 2xd3(x), so that ax
2 is in the kernel of the d3-
differential if and only if 2a ≡ 0 (mod n), which is to say that a ≡ 0 (mod m)
and so the d3-differential is injective onZ/m · x
2. One may now check directly that
there are no nonzero groupswhich can support a differential di : A → H
5(BPUn,Z),
so the group H5(BPUn,Z) consists of permanent cocycles, and since EPUn is con-
tractible it that follows that H5(BPUn,Z) = 0. 
4. THE OBSTRUCTION THEORY OF BPUn
This section takes up the work of the previous one.
By definition, the topological index indtop(α) is the greatest common divisor of
the integers n such that α ∈ H3(X,Z) = H2(X, S1) is in the image of the connecting
homomorphism H1(X, PUn) → H
2(X, S1). In homotopical terms, it is the greatest
common divisor of the integers n such that a lift exists in the diagram
(5) BPUn

X
α
//
;;
①
①
①
①
①
K(Z, 3).
Here the map BPUn → K(Z, 3) is the application of the classifying-space functor
to the map PUn → BS1 which classifies the quotient map Un → PUn. In particular,
the obstruction theory of the spaces BPUn as n varies should inform calculations
of the topological index.
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The low-degree part of a Postnikov tower of BPUn takes the form
K(Z, 4) // BPUn[4]

K(Z/n, 2)
fn
// K(Z, 5)
where the dotted arrow, fn, is the classifying map of the fiber sequence represented
by the other two arrows. Our main result here is the determination of fn. Since
fn : K(Z/n, 2) → K(Z, 5) is a class in the cohomology of an Eilenberg–MacLane
space, it is a cohomology operation, and we may hope to describe it in simple
terms. In fact, we shall show that if n is odd, then fn agrees, up to multiplication
by a unit, with βn(ι2), the Bockstein of the square of the tautological class. If n
is even, fn agrees, up to multiplication by a unit, with β2n(P2(ι)), where P2 is an
operation such that 2P2(ι) agrees with the image of ι
2 in H4(K(Z/n, 2),Z/2n).
In this section and hereafter we tacitly fix basepoints for all connected topologi-
cal spaces appearing, and we shall write πi(X) in lieu of πi(X, x). Once again, we
assume that n is an integer satisfying n ≥ 2. If A is an abelian group and g ∈ A an
element, we shall write 〈g〉 for the cyclic subgroup of A generated by g.
The homotopy groups of BPUn. Since the task of this section is to determine the
low-dimensional obstruction theory of BPUn for varying n, it will be necessary
to describe the homotopy groups of BPUn and the maps between these groups
induced by certain standard maps.
For future use, we define
Pc(n, rn) = SUrn/(Z/n)
where Z/n is viewed as a subgroup of Z/(rn), the center of SUrn, in the evident
way. Note that Pc(n, n) = PUn. From the long exact sequence of a fibration, we
deduce
πi(P
c(n, rn)) ∼=
{
Z/n if i = 1,
πi(SUrn) otherwise.
The following homotopy calculations follow directly from Bott periodicity, [10,
Theorem 5].
πi(SUn) ∼=


0 if i < 2n is even or i = 1,
Z if i < 2n is odd and i 6= 1,
Z/n! if i = 2n.
Moreover, the standard inclusion maps SUn → SUn+1 induce isomorphisms
πi(SUn) → πi(SUn+1)
whenever i < 2n. The first two stages of the Postnikov tower of BPc(n, rn) take
the form
(6) K(Z, 4) // BPc(n, rn)[4]

BPc(n, rn)[2] ≃ K(Z/n, 2).
This is a principal K(Z, 4)–bundle, classified by a map K(Z/n, 2)→ K(Z, 5).
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Two families of maps between the Pc(n, rn) are easily defined. In the first place,
one may take a further quotient: Pc(n, ℓrn) → Pc(rn, ℓrn). In the second, one may
take the direct sum of ℓ copies of amatrix in SUrn, giving amap⊕ℓ : SUrn → SUℓrn.
This map is compatible with the action of Z/n and therefore descends to a map
⊕ℓ : Pc(n, rn) → Pc(n, ℓrn).
Lemma 4.1. The map induced by reduction π2(BP
c(n, ℓrn)) → π2(BP
c(rn, ℓrn)) is
an inclusion Z/n → Z/(rn). On higher homotopy groups this map induces an isomor-
phism.
The map πi(BP
c(n, rn))→ πi(BP
c(n, ℓrn)) induced by ℓ-fold direct summation
(1) is an isomorphism π2(BP
c(n, rn))→ π2(BP(n, ℓrn)) when i = 2,
(2) is the composite of the stabilization map πi(BSUrn)→ πi(BSUℓrn) and multipli-
cation by ℓ when i > 2.
Proof. The first statement is follows from the diagram of fiber sequences
Z/n //

SUℓrn // P
c(n, ℓrn)

Z/(rn) // SUℓrn // P
c(rn, ℓrn).
The map induced by ℓ-fold direct summation SUrn → SUℓrn on homotopy
groups is readily seen to be the composite of the map πi(SUrn) → πi(SUℓrn)
induced by the standard inclusion SUrn → SUℓrn with multiplication by l on
πi(SUℓrn), by an Eckmann–Hilton argument. The result for P
c(n, ℓrn) follows by
comparison. 
We attendmainly to BPUn = BPc(n, n) in this section; some other spaces BPc(n, rn)
appear later.
We shall use the notation X[n] for the (n + 1)-st coskeleton of a simple, con-
nected CW complex, which is to say that there is a natural map X → X[n] which
induces an isomorphism on homotopy groups πi(·) when i ≤ n, and such that
πi(X[n]) = 0 when i > n. Since the spaces X are always simple in our treatment,
the space X[n] may be taken to be the total space of a fibration appearing in the
total space of a Postnikov tower converging to X.
The cohomology of K(Z/n, 2). The Eilenberg–MacLane space K(Z/n, 2) appears
as the first non-contractible term in the Postnikov tower of BPUn. Knowing the
cohomology of K(Z/n, 2), and contrasting it with the cohomology of BPUn which
was calculated in the previous section, will allow us to determine the extension
BPUn[4] → K(Z/n, 2). Describing what we need of H
∗(K(Z/n, 2),Z) is the pur-
pose of this subsection. Since K(Z/n, 2) is an Eilenberg–MacLane space, the coho-
mology classes arising may be presented as unstable cohomology operations, and
we are able to present the class that proves to be most significant subsequently, Q,
in terms of the Bockstein and the cup-product structure on cohomology.
Recall that we have defined ǫ(n) to be n if n is odd and 2n if n is even.
The first few integral cohomology groups of K(Z/n, 2) are
H1(K(Z/n, 2),Z) = H2(K(Z/n, 2),Z) = H4(K(Z/n, 2),Z) = 0,
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and
H3(K(Z/n, 2),Z) = Z/n · β, H5(K(Z/n, 2),Z) = Z/ǫ(n) ·Qn.
where Qn denotes either β(ι2) if n is odd, or a class such that 2Qn = β(ι2) if n is
even.
This calculation of cohomology may be deduced from the calculations of homol-
ogy given in [12] or directly from the Serre spectral sequence for K(Z/n, 1)→ ∗ →
K(Z/n, 2). In the case where n is even, the class Qn is 2n-torsion and a generator of
H5(K(Z/n, 2),Z), and therefore there is a unique class P2 ∈ H
4(K(Z/n, 2),Z/2n)
with the property that β2n(P2) = Qn. We call this class a Pontryagin square of ι, in
extension of the ordinary usage of this term in the case when n is a power of 2.
We adopt cohomology-operation notation for Qn and P2, writing Qn(ξ) in place
of Qn ◦ ξ if ξ ∈ H
2(X,Z) for some X and similarly for P2. We shall often write Q
for Qn when the integer n is clear from the context.
If n ≥ 2 is an even integer, and ξ ∈ H2(X,Z/n) for some X, then ξ2 is a class
in H4(X,Z/n), and P2(ξ) is a class in H
4(X,Z/2n) with the property that 2P2(ξ)
agrees with the image of ξ2 under the map H4(X,Z/n) → H4(X,Z/2n) induced
by the inclusion Z/n → Z/2n. In this case we have
Q(ξ) = β2n(P2(ξ)).
In the case of n odd, and ξ ∈ H2(X,Z/n), we have the simpler identity
Q(ξ) = βn(ξ
2).
The identification of fn. This subsection establishes the first stage of the Post-
nikov tower for BPUn. The map fn of the title is the classifying map of the first
nontrivial fibration that appears in that tower.
Lemma 4.2. The map BPUn → K(Z, 3) of diagram (5) can be factored as BPUn →
BPUn[2] ≃ K(Z/n, 2) and β : K(Z/n, 2)→ K(Z, 3).
Proof. This follows from comparing the presentation of PUn as the quotient of Un
by S1 and its presentation as the quotient of SUn by Z/n. 
The map classifying BPUn[4] → K(Z/n, 2) is a map
(7) fn : BPUn[3] = K(Z/n, 2) → K(Z, 5) = K(π4(BPUn), 5),
which represents a cohomology class
fn ∈ H
5(K(Z/n, 2),Z).
Lemma 4.3. The r-fold direct-summation homomorphism PUn → Pc(n, rn) followed by
the reduction Pc(n, rn) → PUrn induces a map of Postnikov towers for BPUn → BPUrn.
The functorial map
K(Z/n, 2) = BPUn[3] → BPUrn[3] = K(Z/(rn), 2)
induces
H5(K(Z/(rn), 2),Z)→ H5(K(Z/n, 2),Z)
taking frn to r · fn.
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Proof. The r-fold direct summation map, followed by the reduction, is a homomor-
phism h : PUn → PUrn which induces a map Bh : BPUn → BPUrn
π2(BPUn) → π2(BPUrn) Z/n →֒ Z/rn as a standard inclusion,
π4(BPUn) → π4(BPUrn Z →֒ Z as the map 1 7→ r,
both consequences of Lemma 4.1.
The map Bh gives rise to a functorial map of Postnikov towers, including
BPUn[4]
Bh[4]
((◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗

BPUrn[4]

K(Z/n, 2) = BPUn[3]
Bh[3]
((◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗
fn
// K(π4(BPUn), 5) = K(Z, 5)
×r
))❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙
K(Z/nr, 2) = BPUrn[3]
frn
// K(π4(BPUrn), 5) = K(Z, 5)
where the horizontal maps are classifying maps for the vertical maps, which are
K(Z, 4)–bundle maps. The map indicated by ×r is the map obtained by applying
the functor K(·, 5) to π4(BPUn) → π4(BPUrn), which is an inclusion of Z in Z
given by 1 7→ r, and consequently the map in the diagram represents the opera-
tion ×r on H5(·,Z). Because of the commutativity of the bottom square, the map
Bh[3]∗ : H5(K(Z/nr, 2),Z) → H5(K(Z/n, 2),Z) takes fnr to r · fn, which is the
assertion of the lemma. 
Proposition 4.4. Let n ≥ 2 be an integer. The element fn ∈ H
5(K(Z/n, 2),Z) is a
generator.
Proof. Associated to the fibration BPUn[4] → K(Z/n, 2), we have a Serre spectral
sequence for integral cohomology, part of the E2-page of which is illustrated in
Figure 2. Therefore H5(BPUn[4],Z) =
Z
ǫ(n)
/
im( fn).
Z
fn
((◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
0
0
0
Z 0 0 Z/n 0 Z/(ǫ(n))
FIGURE 2. The Serre spectral sequence associated to BPUn[4] → K(Z/n, 2)
In the case where n > 2, because π5(BPUn) = 0, it follows that BPUn[4] ≃
BPUn[5], and so H
5(BPUn[4],Z) = H
5(BPUn,Z) = 0, and fn is consequently sur-
jective.
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In the case where n = 2, we discover another extension problem, associated to
the principal fibration K(Z/2, 5) → BPU2[5] → BPU2[4]. Since H
5(BPU2[5],Z) =
Z/2
d6
))❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘
0
0
0
0
Z 0 0 Z/2 0 Z/4
/
im f2 ∗
FIGURE 3. The Serre spectral sequence associated to BPU2[5]→ BPU2[4]
H5(BPU2,Z) = 0, there is an exact sequence 0 → Z/4
/
im f2 → 0 → Z/2 →
∗. By examining the part of the Serre spectral sequence appearing in Figure 3, it
follows that f2 is surjective as well. 
We now know that fn and Q are both generators of the group H
5(K(Z/n, 2),Z).
Although Q(ξ) and fn ◦ ξ may not coincide, for a given ξ ∈ H
2(X,Z/n), we know
that 〈 fn ◦ ξ〉 = 〈Q(ξ)〉, and in particular that ord( fn ◦ ξ) = ord(Qn(ξ)).
5. RELATING THE OBSTRUCTION THEORY TO THE ATIYAH–HIRZEBRUCH
SPECTRAL SEQUENCE
This section is a synthesis of the work of the preceding three. The first order
of business, in Proposition 5.1, is to show that the operation Q of the previous
section can be used to solve the period–index problem on low-dimensional CW
complexes. In Theorem 5.2 we show that the operation G of Definition 2.4 and
the operation Q, which arose in the study of the low-dimensional part of the Post-
nikov tower of BPUn in the preceding two sections, generate the same subgroup
of H5(X,Z)/(H2(X,Z) ⌣ α), and therefore furnish the same obstructions. The
main result of the section is Theorem A, which sets out how the cohomology in
dimensions i ≤ 5 of a finite connected CW complex X may be used to give bounds
on the topological index of a given class α ∈ Br′top(X). Theorem B then establishes
a sharp upper bound on the topological index in terms of the topological period
on finite CW complexes of dimension no greater than 6, disproving the straw-man
conjecture of the Introduction.
Proposition 5.1. Let X be a finite CW complex of dimension d ≤ 5 such thatH2(X,Z) =
0. Let α ∈ H3(X,Z) be a class of order n, and let ξ be the unique class in H2(X,Z/n)
such that βn(ξ) = α, then
indtop(α) = pertop(α) ord(Q(ξ)).
Proof. For any r there exists a factorization of α as follows
X // K(Z/nr, 2) // K(Z, 3),
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and this factorization is unique up to homotopy since any two different factoriza-
tions would differ by a class in the image of H2(X,Z) → H2(X,Z/nr). Since X is
of dimension d ≤ 5, the only obstruction to finding a lift
BPUnr

X
::✉
✉
✉
✉
✉
// K(Z/nr, 2)
is the first one arising in the Postnikov tower of BPUnr, as presented in diagram
(6) and the subsequent discussion. There is a lift if and only if
X → K(Z/nr, 2)
fnr
−→ K(Z, 5)
is nullhomotopic, which it is if and only if r( fn ◦ ξ) ≃ 0 by Lemma 4.3, or equiva-
lently if and only if r| ord( fn ◦ ξ). The result follows, since ord( fn ◦ ξ) = ord(Q(ξ))
by the discussion following Proposition 4.4. 
Z
⌣β
((P
PP
PP
PP
PP
PP
PP
d
β
5 (n)
""
0 0 Z/n 0 Z/ǫ(n)
0
Z 0 0 Z/n 0 Z/ǫ(n)
0
Z 0 0 Z/n 0 Z/ǫ(n)
FIGURE 4. The Atiyah–Hirzebruch spectral sequence for
KU∗(K(Z/n, 2))β, twisted by the Bockstein.
Recall, if g ∈ A is an element of an abelian group A, that we write 〈g〉 for the
cyclic subgroup generated by g.
Theorem 5.2. Let X be a connected finite CW complex and let n be an integer, and ξ ∈
H2(X,Z/n) be a cohomology class. Let G be the operation of Theorem 2.5. Write Q˜(ξ)
for the image of Q(ξ) in H5(X,Z)/(H2(X,Z) ⌣ βn(ξ)), then Q˜(ξ) is ǫ(n)-torsion,
and 〈
n
pertop(βn(ξ))
G(βn(ξ))
〉
=
〈
Q˜(ξ)
〉
.
Proof. We write β for βn throughout. The statement regarding the torsion of Q˜(ξ)
is immediate, since Q(ξ) is ǫ(n)-torsion.
There is a classifying map X
ξ
−→ K(Z/n, 2), which induces a map of spectral se-
quences converging conditionally to the map KU∗(K(Z/n, 2))β → KU
∗(X)β(ξ).
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We consider the differentials supported by Z = E0,02 for both spaces. The d3-
differentials take the form
Z
d
β
3

Z
d
β(ξ)
3

H3(K(Z/n, 2),Z) // H3(X,Z).
The d5-differentials take the form
nZ 

//
d
β
5

pertop(β(ξ))Z
d
β(ξ)
5

Z/ǫ(n) // H5(X,Z)/(H2(X,Z)⌣ β(ξ))
The left vertical map is n 7→ G(β), and is surjective. In particular d
β
5 (n) is a unit
multiple of Q˜, since Q generates H5(K(Z/n, 2),Z). The top horizontal map takes
the generator n ∈ nZ to n
pertop(β(ξ))
pertop(β(ξ)) ∈ pertop(β(ξ))Z. The bottom hor-
izontal map takes Q tautologically to Q˜(ξ). The right vertical map therefore takes
n
pertop(β(ξ))
pertop(β(ξ)) to uQ˜(ξ) for some unit u. The class of d
β(ξ)
5 (pertop β(ξ)) in
H5(X,Z)/(H2(X,Z) ⌣ β(ξ)) is G(β(ξ)) by definition, so the relation〈
n
pertop(β(ξ))
G(β(ξ))
〉
=
〈
Q˜(ξ)
〉
follows. 
If α ∈ H3(X,Z)tors is any class, then there exists some lift ξ ∈ H
2(X,Z/n) such
that β(ξ) = α although this lift need not be unique. By this method, the order
of G(α) = G(β(ξ)) may be computed, and one deduces further that G(α) is ǫ(n)-
torsion, since ξ is n-torsion.
Whereas the previous theorem assumed only that the class ξ ∈ H2(X,Z/n),
and therefore the class βn(ξ) = αwas n-torsion, the following is more restrictive in
that it assumes that the order of the class in question is precisely n. This simplifies
the result at the expense of little generality.
Theorem A. Let X be a connected finite CW complex, let α ∈ H3(X,Z)tors = Brtop(X)
be a Brauer class, and write n = pertop(α). Choose ξ ∈ H
2(X,Z/n) such that βn(ξ) =
α, let Q(ξ) denote either βn(ξ2) if n is odd or β2n(P2(ξ)) if n is even, and let Q˜(ξ) denote
the reduction of Q(ξ) toH5(X,Z)/(α⌣ H2(X,Z)). Then:
(1) The class Q˜(ξ) depends only on α. We write Q˜(α) for this class.
(2) The order of Q˜(ξ) divides pertop(α) if pertop(α) is odd and divides 2 pertop(α)
if pertop(α) is even.
(3) For any α and ξ,
pertop(α) ord(Q˜(ξ))| indtop(α),
with equality if the dimension of X is at most 6.
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Proof. We first show that Q˜(ξ) depends only on α. Any two choices of class ξ, ξ ′ ∈
H2(X,Z/n) with the property that β(ξ) = β(ξ ′) = α differ by a class ξ − ξ ′ =
ν where ν is in the image of the reduction map H2(X,Z) → H2(X,Z/n). The
universal example of a space equipped with two classes ξ, ξ ′ for which β(ξ) =
β(ξ ′) is the space Y = K(Z/n, 2)× K(Z, 2), which is equipped with two canonical
classes τ ∈ H2(Y,Z/n) and τ+σ, where σ ∈ H2(Y,Z) ∼= Z is a generator. There is
amap φ : K(Z/n, 2)→ Y splitting the projectionmap. Wewrite ρ for the generator
of H2(K(Z/n, 2),Z/n) and σ¯ for the reduction of the class σ to Z/n coefficients.
The universality of Ymeans that there is a map f : X → Y such that f ∗(τ) = ξ and
f ∗(σ¯) = ν. Since Q˜(·) is natural, it suffices to show that Q˜(τ) and Q˜(τ + σ¯) agree
in H5(Y,Z)/(β(τ)⌣ H2(Y,Z)).
The Ku¨nneth formula implies that H2(Y,Z) ∼= H2(K(Z, 2),Z) ∼= Z and, be-
cause of the lack of torsion in H∗(K(Z, 2),Z), that
H5(Y,Z) ∼= H5(K(Z/n, 2),Z)⊕
(
H3(K(Z/n, 2),Z)⊗H2(K(Z, 2),Z)
)
.
The splitting map, φ, induces
φ∗ : H2(Y,Z/n) → H2(K(Z/n, 2),Z/n) satisfying φ∗(τ) = ρ and φ∗(σ¯) = 0,
φ∗ :
H5(Y,Z/n)
β(τ)⌣ H2(Y,Z)
∼=
H5(K(Z/n, 2),Z)
β(τ)⌣ H2(K(Z/n, 2),Z)
∼= H5(K(Z/n, 2),Z).
By naturality, Q˜(τ+ σ¯) = (φ∗)−1Q˜(ρ) = Q˜(τ), as required.
The statements regarding the order of Q˜(ξ) and the divisibility relation follow
immediately from Theorem 5.2. 
All subsequent appeals toG(α)will reduce to consideration of ord(G(α)), which
can be calculated by lifting α to ξ and calculating ord(Q˜(ξ)).
Theorem B. Let n be a positive integer, and let ǫ(n) denote gcd(2, n)n. There exists a
connected finite CW complex X of dimension 6 equipped with a class α ∈ Brtop(X) for
which pertop(α) = n and indtop(α) = ǫ(n)n.
Proof. It suffices to take X = sk6(K(Z/n, 2)), for which H
2(X,Z) = 0, and to
take α = βn(ι) ∈ H
3(X,Z), a generating n-torsion class. Since Hi(K(Z/n), 2) →
Hi(X,Z) is an injection in the range 0 ≤ i ≤ 5, the computation ofH∗(K(Z/n, 2),Z)
implies that Q˜(βn(ι)) and G(α) have order ǫ(n). The result is now immediate from
Theorem A. 
6. SMOOTH COMPLEX VARIETIES
The first part of this paper culminates with the proof of Theorems A & B. The
final two sections are devoted to applications of these results to algebraic prob-
lems, first to the algebraic period–index problem and second to the question of
representing period-2 classes by Clifford algebras.
We turn now to the specific case of smooth complex varieties. We are chiefly
interested in the case of smooth projective complex 3–folds; any such variety has
the homotopy type of a finite 6–dimensional CW complex and so the topologi-
cal methods in the preceding sections give a full description of the topological
period–index problem on it. The topological bound of Theorem A can be used
to give a lower bound on the classical index of a class α ∈ Br(X) in the classical
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Brauer group, and the nature of this bound suggests it may be possible to find a
counterexample to the period–index conjecture for function fields at the prime 2 in
dimension 3. We have not been able to construct such an example, so we console
ourselves by constructing a higher-dimensional variety that exhibits the cohomo-
logical behavior that would disprove the conjecture if it were seen in a 3–fold. We
do not believe that our failure to disprove the period–index conjecture in this case
is evidence in its favor, since few calculations of the integral cohomology of com-
plex 3–folds appear in the literature, and the argument we might make would rely
on such calculations.
If X is a smooth complex variety and α ∈ Br(X), we let α¯ denote the image of α
under the natural surjective map Br(X)→ Brtop(X) = H
3(X,Z)tors.
Supposewewanted to disprove the period–index conjecture. Wemight essay to
find a smooth complex 3-fold X and a class α¯ ∈ H3(X,Z)tors such that pertop(α¯) =
2 and indtop(α¯) = 8. Then we could lift it to a class α ∈ Br(X) such that per(α) = 2
by comparison of e´tale and singular cohomology. The divisibility relation
indtop(α¯)| ind(α).
is easily shown, and is treated of in [1] at any rate.
Write SpecK → X for the generic point of the variety. It is known that Br(X) →
Br(SpecK) is injective, and so per(αK) = per(α) = 2, where αK is the image of α
under the map.
Proposition 6.1. Let X be a regular noetherian scheme with function field K, and let
α ∈ Br(X). Then, ind(α) = ind(αK).
Proof due to D. Saltman. In general it holds that
ind(αK)| ind(α),
and it suffices to prove the reverse divisibility relation.
For a given Brauer class α, there is a notion of α-twisted coherent sheaf, see [22]
for particulars. These objects and their morphisms form an abelian category, and
we may take the K-theory of this category, obtaining a group Gα0(X). Similarly,
there is a notion of α-twisted vector bundle, and we can produce K-groups Kα0(X).
The index of α may be described as a generator of the image of the natural rank
map Kα0(X) → Z. Any αK-twisted vector bundle over SpecK with rank ind(αK)
can be extended, via extension of coherent sheaves, to an α-twisted coherent sheaf
on X with rank ind(αK). Since X is regular,G
α
0(X)
∼= Kα0(X), so we see that
ind(α)| ind(αK).
The result follows. 
In summary, from Theorem A and Proposition 6.1, we deduce
Theorem C. If there exists a smooth projective complex 3-fold X and a 2-torsion class
α ∈ Br(X) such that 2G(α¯) 6= 0, where α¯ is the image of α in H3(X,Z)tors, then the
period–index conjecture fails at the prime 2 for the function field C(X) of X: the image of
the class α in Br(C(X)) has period 2 and index at least 8.
One may compare this theorem to an unpublished result of Daniel Krashen
saying that if X is a complex 3-fold and α ∈ Br(C(X)) has period 2, then ind(α)
divides 8.
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Although it is beyond us at present to construct an example of a smooth projec-
tive complex 3–fold of the kind called for in Theorem C, we are able to construct
the following.
Proposition 6.2. Let n be a positive integer, and r a divisor of ǫ(n). Then there exists
a connected smooth affine variety Xn,rn of dimension 5 such that H
i(Xn,rn,Z) = 0 for
i = 1, 2, and a class αX ∈ Brtop(Xn,rn) such that there is a natural isomorphism
Br(Xn,rn) ∼= Brtop(Xn,rn) ∼= Z/n · αX
and such that ord(G(αX)) = r.
In particular, we can find a smooth affine 5–fold X2,8 on which there exists a
Brauer class α of topological period 2 with ord(G(α)) = 4, and since affine n–folds
have the homotopy type of a CW complex of dimension n, Theorem A asserts the
index is indtop(α) = 8.
Lemma 6.3. If X is a smooth complex variety, then the natural map Br(X) → Brtop(X) is
surjective. If the map Pic(X) → H2(X,Z) is surjective as well, then Br(X) ∼= Brtop(X).
Proof. The hypotheses on X ensure that Br(X) = Br′(X) and Brtop(X) = Br
′
top(X).
For any integer n there exists a natural map of long exact sequences
Pic(X) //

H2e´t(X, µn)
// Br(X)
×n
//

Br(X)

H2(X,Z) // H2(X,Z/n) // Brtop(X)
×n
// Brtop(X)
If α ∈ Brtop(X), then α has finite order, so there is some n for which α is in the image
of the map H2(X,Z/n). By a diagram-chase, it follows that α is in the image of the
map Br(X)→ Brtop(X).
If γ ∈ Br(X), and γ has order n 6= 1, then we may lift γ to a class in H2e´t(X, µn);
a diagram-chase now shows that if Pic(X) → H2(X,Z) is surjective, the image of
γ in Brtop(X) is nonzero. 
Proof of Proposition 6.2. The natural r-fold summation map BPUn = BPc(n, n) →
BPc(n, rn) gives rise to the following square in the low-dimensional part of the
Postnikov towers, by reference to the results of Section 4,
K(Z/n, 2) // K(Z, 5)
1 7→r

K(Z/n, 2)
fn
// K(Z, 5)
from which it follows that the extension K(Z, 5) → BPc(n, rn)[4] → BPc(n, rn)[3]
is classified by r times a generator of H5(K(Z/n, 2),Z). We deduce, from a Serre
spectral sequence for instance, that Hi(BPc(n, rn),Z) = 0 for i = 1, 2, that
H3(BPc(n, rn),Z) ∼= H2(BPc(n, rn),Z/n) = H2(BPc(n, rn)[3],Z/n) = H2(K(Z/n, 2),Z/n) = Z/n · ξ
and also that
H5(BPc(n, rn),Z) = H5(BPc(n, rn)[4],Z) = Z/r ·Q(ξ)
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where Q(ξ) is used in the same sense as in the statements of Theorems 5.2 and
B. Defining α = βn(ξ), and observing that H
2(BPc(n, rn),Z) = 0, we employ
Theorem A to deduce that ord(G(α)) = r.
The space BPc(n, rn) is not a complex variety, although it is homotopy equiva-
lent to BSLrn(C)/µn, which is the classifying space of an algebraic group. There
are a number of results regarding the approximation of classifying spaces of com-
plex algebraic groups by complex varieties; following [28] we may construct a
quasi-projective variety which approximates BSLrn(C)/µn in that there is a map
Xn,rn → BSLrn(C)/µn that induces an isomorphism on cohomology groupsH
≤4(·,Z)
and an injection on H5(·,Z) . By use of Jouanolou’s device [19], Xn,rn can be as-
sumed to be affine, and by use of the affine Lefschetz hyperplane theorem, [17], it
can be assumed to have dimension 5. 
The spaces BSLrn(C)/µn are like universal examples of spaces with period-n,
degree-rn projective bundles, so it should not be a surprise that we might find
classes of period n and index rn in the Brauer groups of Xn,rn.
The same kind of argument can be used to construct a smooth projective 5-
fold with a Brauer class of period n and topological index rn. Starting from the
algebraic group G = SLrn/µn × Gm, which has positive-dimensional center, we
may use a result of Ekedahl from [16] constructing a smooth projective variety
Yn,rn the cohomology of which agrees with that of BP
c(n, rn)×CP∞ in the range
H≤4(·,Z) and for which there is an injection on H5(·,Z). The variety Yn,rn may
be constructed so that Pic(Yn,rn) = H
2(Yn,rn) ∼= Z, and by using the Lefschetz
hyperplane theorem and a Lefschetz-type theorem for the Picard group, we may
assume Yn,rn is 5-dimensional.
7. A QUESTION OF HAHN ON QUADRATIC FORMS
Let E be an m-dimensional vector space over a field k of characteristic unequal
to 2, and let q be a quadratic form on E. The Clifford algebra Cl(q) is defined to be
the quotient of the tensor algebra
T(E) = k⊕ E⊕ (E⊗k E)⊕ · · ·
by the ideal generated by
(8) x⊗ x+ q(x) · 1
for all x ∈ E. We will need only the rudiments of the theory of Clifford algebras
over the complex field and we refer the reader to [21] for a fuller treatment of the
topic than we provide. The algebra Cl(q) is associative and has dimension 2m, and
the original vector space E ⊂ Cl(q) is a generating subset.
If X is a connected topological space, then a complex quadratic bundle on X is a
complex vector bundle E on X and a map b : E → E ∗ of vector bundles. The
map on stalks bx : Ex → E ∗x is used to define a bilinear form bx(α, β) ∈ C on
the vector space Ex, and from that one defines the quadratic form q(α) = bx(α, α).
Since C is not of characteristic 2, the theory of bilinear and quadratic forms agree.
A quadratic bundle (E , b) is said to be nondegenerate if b : E → E ∗ is injective, and
similarly a quadratic form on a vector space is nondegenerate if the associated
bilinear form b : V → V∗ is injective. In the case of finite rank or dimension,
injectivity is synonymous with isomorphism.
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Every nondegenerate quadratic form on the m-dimensional vector space E ∼=
Cm is isomorphic to the standard form:
q(x) = x21 + · · ·+ x
2
m.
We denote the Clifford algebra of the standard form by Clm. There are isomor-
phisms
Cl2n = Mat2n×2n(C) if m = 2n,
Cl2n+1 = Mat2n×2n(C)⊕Mat2n×2n(C) if m = 2n+ 1.
We consider only the case of even m = 2n in the sequel.
There is a subgroup of Cl×2n, denoted by Pin2n(C), generated by elements e ∈ E
for which q(e) = ±1, and a connected subgroup of Pin2n(C) denoted by Spin2n(C),
generated by the products of even numbers of such e ∈ E. When n ≥ 2, the group
Spin2n(C) is simply-connected. In the case at hand, Cl
×
2n is the group GL2n(C) and
so Spin2n(C) is a subgroup of SL2n(C). The group SL2n(C) acts by conjugation as
algebra homomorphisms on Cl2n = Mat2n×2n(C); the kernel of this action is the
center, µ2n , and the image is the group, PGL2n(C), of all algebra homomorphisms
of Mat2n×2n(C).
Using the defining relation of (8), one can show that if e1, e2 ∈ E are elements
satisfying q(e1)
2 = q(e2)
2 = 1, and if v ∈ E is some third element, viewed as an
element of Cl(E), that e1e2ve
−1
2 e
−1
1 is again an element of E ⊂ Cl(E), being the
element given by reflection of v in the hyperplanes e⊥2 and e
⊥
1 . This means that the
conjugation action of Spin2n(C) on Cl2n fixes E, and since it acts on E by compos-
ites of pairs of reflections, this describes a homomorphism Spin2n(C) → SO2n(C).
This homomorphism is the universal covering map of the group SO2n(C), and has
kernel {±I2n} = µ2.
We have constructed a map of short exact sequences of groups
(9) 1 // µ2n // SL2n(C) // PGL2n(C) // 1
1 // µ2
OO
// Spin2n(C)
OO
// SO2n(C) //
OO
1.
There is an induced map Cl : BSO2n(C) → BPGL2n(C) which has the prop-
erty that it induces the nontrivial map Z/2 → Z/(2n) on the homotopy groups
π2(BSO2n(C)) → π2(BPGL2n). This last fact holds when n ≥ 2 since Spin2n(C)
and SL2n(C) are simply-connected, and holds for trivial reasons when n = 1. The
space BSO2n(C) represents rank-2n vector bundles that are equipped with non-
degenerate quadratic forms, and for which a certain invariant, the discriminant,
vanishes; the last condition being the condition that permits the lifting of the struc-
ture group of a quadratic vector bundle from O2n(C) to SO2n(C).
The map Cl represents a natural construction that associates to the data (E , q)
the principal PGL2n(C)-bundle associated to the bundle Cl(E , q) of matrix alge-
bras. This is called the Clifford map. The class [Cl(E , q)] ∈ Brtop(X) is 2-torsion,
since it is the image under the classifyingmap of the nontrivial element in Brtop(BSO2n(C)) =
π2(BSO2n(C)) = Z/2. The class does not change if one adds a trivial C
2-bundle
with trivial quadratic form to (E , q), and so the Clifford map extends to a map
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to a map, the Clifford invariant map, Cl : I2top(X) → 2 Brtop(X), where the nota-
tion I2top(X) denotes the subgroup of the Witt group of X generated by quadratic
bundles (E , q) having even rank and trivial discriminant.
The Clifford invariant map is the analogue in the setting of complex quadratic
vector bundles on topological spaces of a Clifford invariant map I2(X) → Br(X)
for schemes, which generalizes a norm residue map I2F → Br(F) for fields. The
norm residue map for fields was shown to be surjective by Merkurjev in [24], a re-
sult now subsumed in the Norm–Residue Isomorphism Theorem proved by Rost
and Voevodsky. If X is a complex variety, because the Brauer class is formed in
both cases as the class associated to a Clifford algebra of a quadratic bundle, there
is a comparison diagram:
I2(X) //

2 Br(X)

I2top(X)
//
2 Brtop(X).
In the remainder of this section, we prove that the image of the map I2top(X) →
2 Brtop(X) cannot contain any classes α for which ord(G(α)) = 4. We do this by
proving that ord(G(α)) = 2 where α is the class of the universal stable SO bundle.
By comparison, this imposes a restriction on the classes which may be in the image
of the algebraic Clifford invariant map I2(X) → Br(X). We are then able to exhibit
an affine variety X for which Pic(X) = 0, but for which the Clifford invariant map
is not surjective.
We refer the reader to the paper of Brown, [11], where cohomology of BSOn is
calculated in full. We make use of the calculation only in the limiting case of BSO,
and then only in low degrees.
Proposition 7.1. In low degrees, the cohomologyH∗(BSO,Z) is
H1(BSO,Z) = H2(BSO,Z) = 0, H3(BSO,Z) = Z/2 · β(w2),
H4(BSO,Z) = Z · p1, H
5(BSO,Z/2) = Z/2 · β(w4).
Proposition 7.2. There is an identification: G(β(w2)) = β(w4).
Proof. The Bott periodicity theorem asserts that the homotopy groups of BSO are,
in low degrees, given by:
π2(BSO) = Z/2, π4(BSO) ∼= π8(BSO) ∼= Z,
π0(BSO) = π1(BSO) = π3(BSO) = π5(BSO) = π6(BSO) = π7(BSO) = 0.
In particular, the first stage of the Postnikov tower for BSO takes the form of an
extension
K(Z, 4)→ BSO[4] → BSO[3] = K(Z/2, 2).
The cohomology of BSO[4] agrees with that of BSO in the range H≤7(·,Z), by Bott
periodicity, and consequently H5(BSO[4],Z) ∼= Z/2 · β(w4).
On the other hand, H2(BSO[3],Z/2) ∼= Z/2 · ι and H5(BSO[3],Z) ∼= Z/4 ·
β4(P2(ι)). By considering the Serre spectral sequence for the extension BSO[4] →
BSO[3], one concludes that the map BSO → BSO[3] induces a map ι 7→ w2 and
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β4(P2(ι)) 7→ β(w4), since there is no other possible source of a class in H
2 or H5.
By naturality, β4(P2(w2)) = β(w4).
Theorem A implies that G(β(w2)) and β(w4) agree up to automorphism in the
group H5(BSO,Z) ∼= Z/2, so they coincide. 
Proposition 7.3. if X is a complex variety, and α ∈ Br(X) is in the image of the Clifford
invariant map, Cl : I2(X) → 2 Br(X), then ord(G(α¯))|2. In particular, if X(C) has the
homotopy-type of a CW complex of dimension no greater than 6, then indtop(α¯) divides 4.
Proof. By the hypothesis there exists some 2k-dimensional vector bundle F on X,
equipped with a nondegenerate quadratic form q of trivial discriminant, such that
the associated Clifford algebra Cl(F, q) represents the class α in Br(X).
Topologically, the quadratic bundle (F, q) is represented by amapX → BSO2k(C).
The Lie group SO2k = SO2k(R) is a compact form of SO2k(C), and therefore there
exists a map f : X → BSO2k classifying the pair (F, q). Since the class [Cl(F, q)]
is invariant under the addition of a trivial quadratic summand to (F, q), we may
replace f : X → BSO2k with a map f : X → BSO. Then the class α¯ = [Cl(F, q)]
which is the image of the bundle under the Clifford invariant map is f ∗(β(w2)).
By naturality G(α¯) has order dividing 2 = ord(G(β(w2))). If X(C) has the
homotopy type of a CW complex of dimension no greater than 6, it follows from
Theorem A that indtop(α¯)|4. 
There exists a group GSO, which fits in an extension of groups
1 // SO
φ
// GSO // Gm // 1.
This group has the property that BGSO classifies the line-bundle-valued quadratic
modules for which the total Clifford invariant map is defined; this is laid out
in [7]. By comparing Postnikov towers, one can see that there is a class w′2 ∈
H2(BGSO,Z/2) with the properties that φ∗(w′2) = w2 and φ
∗(Q(w′2)) = Q(w2),
where Q is used in the sense of Section 5. There is an isomorphism
H3(BGSO,Z) = Z/2 · β(w′2)
∼= H3(BSO,Z) = Z/2 · β(w2)
and it is possible to deduce that ord(G(β(w′2))) = ord(G(β(w2))) = 2 by com-
parison. In summary, the result of Proposition 7.3 holds not only for the Clifford
invariant map, but also for the total Clifford invariant map.
Theorem D. There exists a 5-dimensional smooth affine complex variety X such that
Br(X) ∼= Z/2, but the total Clifford invariant map vanishes.
Proof. Let X be the smooth affine complex 5-fold X2,8 of Proposition 6.2, equipped
with a class α of topological period 2 and topological index 8. This variety satisfies
Br(X) = Z/2 · α and H1(X,Z) = H2(X,Z) = 0. We show first that Pic(X) = 0,
so that the total Clifford invariant reduces to the ordinary Clifford invariant, and
then we shall show that the ordinary Clifford invariant map is trivial.
For any integer n ≥ 2, there exists an exact sequence of e´tale cohomology
groups,
0 = H1e´t(X, µn)
// Pic(X)
×n
// Pic(X) // H2e´t(X, µn).
It follows that Pic(X) is torsion-free, and since H2e´t(X, µn) = 0 if n ≥ 3 is odd,
Pic(X) is n-divisible for every such n. When n = 2, we have an isomorphism
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H2e´t(X, µ2) = Br(X), so that Pic(X) is 2-divisible as well. To show Pic(X) = 0 it
will suffice to show that it is finitely generated.
By compactifying and then resolving singularities, we may embed X as an open
subvariety of a smooth projective variety X ⊂ X˜ where X˜ \X is a normal-crossing
divisor, and from this wemay present Pic(X) as a quotient of Pic(X˜) by the finitely-
generated abelian group generated by the classes of the irreducible components of
X˜ \ X. It will be enough to show that Pic(X˜) is finitely generated, and since X˜ is a
projective variety, this is equivalent to proving that Pic0(X˜) = 0. If Pic0(X˜) is not 0,
it is a nontrivial abelian variety and is of the formCr/Λ where Λ is a lattice. There
is no bound on the primes p for which nontrivial p-torsion appears in Pic0(X˜),
and consequently no bound on the primes for which nontrivial p-torsion appears
in Pic(X˜) and Pic(X), contradicting the lack of torsion of Pic(X). It follows that
Pic(X) = 0, and so the total and ordinary Clifford invariant maps on X agree.
The class α satisfies ord(G(α¯)) = 4 and so Proposition 7.3 implies that α is not
in the image of the Clifford invariant map. Because 2 Br(X) = Br(X) = Z/2 · α,
the image of the Clifford map is 0. 
Auel’s question at the end of [8] is posed in greater generality than the case of
complex varieties; restricted to that case, it asks whether the total Clifford invari-
ant map is surjective for smooth complex varieties of dimension d ≤ 3. If we were
able to find a smooth projective 3-fold, X, meeting the conditions of Theorem C,
with a class α ∈ Br(X) such that per(α) = 2 and 8| indtop(α), then the results of
this section would imply a negative answer to Auel’s question. Indeed, by the
comment after Proposition 7.3, the topological index of any class in the image of
the total Clifford invariant map is at most 4 on a complex 3-fold.
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